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Download all files from GitHub:

https://github.com/proflynch/CRC-Press/ 

Solutions to the Exercises in Section 2:

https://drstephenlynch.github.io/webpages/Solutions_Section_2.html

https://github.com/proflynch/CRC-Press/
https://drstephenlynch.github.io/webpages/Solutions_Section_2.html
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Fractals and Multifractals: Start Session 1

Fractals in Nature Mathematical Fractals

Definition: A fractal is an image repeated on an ever-reduced scale.

Definition: A fractal is an object with non-integer dimension.
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Fractals: The Cantor Set

Problem: Edit the program to plot a Cantor set 
where the two middle fifth segments are 
removed at each stage. 
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Fractals: The Koch Curve Fractal

Problem: Edit the program to plot a 
Koch square fractal.
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Barnsley’s Fern
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Box Counting Dimensions: Program_11d.py
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Multifractal Cantor Set

The Cantor multifractal: 𝑁 𝜀 = 2, 𝜀 = !
" .
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, 𝑓 𝛼 = 𝛼𝑞 + 𝜏 .
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Multifractals: 𝑓 𝛼 𝐶𝑢𝑟𝑣𝑒
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Multifractal Grid
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Multifractals to Measure Dispersion and Clustering
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Multifractals to Measure Dispersion and Clustering
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Multifractals to Measure Dispersion and Clustering
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Multifractals in the Real World: End Session 1

Evans A, Slate AJ, Tobin M, Lynch S, Wilson-Nieuwenhuis J, Verran J, Kelly P and Whitehead KA (2022) Multifractal analysis to 
determine the effect of surface topography on the distribution, density, dispersion and clustering of differently organised coccal
shaped bacteria. Antibiotics 11(5) 11050551.

Whitehead KA, El Mohtadi M, Lynch S, Liauw CM, Amin M, Deisenroth T, Preuss A and Verran J (2021) Diverse surface 
properties reveal that substratum roughness affects fungal spore binding. iScience 24(4), 102333.

Slate AJ, Whitehead KA, Lynch S, Foster CW and Banks CE (2020) Electrochemical decoration of additively manufactured 
graphene macro electrodes with MoO2 nanowire: An approach to demonstrate the surface morphology, J. of Physical Chemistry 
C, 124(28) 15377-15385.

Wickens D, Lynch S, Kelly P, West G, Whitehead K, and Verran J, (2014) Quantifying the pattern of microbial cell dispersion, 
density and clustering on surfaces of differing chemistries and topographies using multifractal analysis, Journal of Microbiological 
Methods, 104, 101-108.

Mills SL, Lees G, Liauw C and Lynch S (2004) An improved method for the dispersion assessment of flame retardent filler/polymer 
systems based on the multifractal analysis of SEM images, Macromolecular Materials and Engineering, 289(10), 864-871.

Drozdz S, Kowalski R, Oswiecimka P, Rak R and Gebarowski R (2018) Dynamical variety of shapes in financial multifractality, 
Complexity 7015721, 1-13.
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Image Processing: Session 2

https://scikit-image.org

https://scikit-image.org/
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Image Processing in Python: scikit-image
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Image Processing: Generating a Multifractal Image

0.3

0.050.25

0.4
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Image Processing: Colour Image
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Image Processing: Binarize a Color Image
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Image Processing: Statistical Analysis on an Image of Microbes

Fig. (a) Original image; (b) binarized image; (c) centroids of clusters; 
(d) histogram, clusters against areas.
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Image Processing: Program_12c.py
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Image Processing: Vascular Architecture of an Eye: Program_12d.py
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Image Processing: Brain Tumour: Program_12e.py: End Session 2
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Numerical Methods ODEs and PDEs: Start Session 3

Use a Taylor series expansion to approximate a solution to an ODE:



Day 3 - COPYRIGHT STEPHEN LYNCH 2023 - PRESENT

Numerical Methods: Euler’s Method
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Numerical Methods: Euler’s Method
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Numerical Methods: Runge-Kutta Method RK4: Program_13b.py
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Numerical Methods: PDEs Finite Difference Approximations
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Numerical Methods: Heat Diffusion in a Rod: Program_13c.py



Day 3 - COPYRIGHT STEPHEN LYNCH 2023 - PRESENT

Numerical Methods: Vibrating String: Program_13d.py
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Numerical Methods: Advection

Advection is the transfer of heat or matter by the flow of a fluid.
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Numerical Methods: Heat in a Plate                                      End Session 3
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Physics: Signal Processing: Start Session 4
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Physics: Fast Fourier Transform FFT
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Image Processing: FFT as a Chaos Detector 

𝛼 = 1 , 𝛽 = 0.05

𝛼 = 1 , 𝛽 = 0.12

𝛼 = 1 , 𝛽 = 0.3
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Physics: Simple Fibre Ring Resonator: 𝐸)*+ = 𝐴 + 𝐵𝐸)𝑒,|.+|,
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Physics: Complex Iteration 

𝐸)*+ = 𝐴 + 𝐵𝐸)𝑒,|.+|,

|𝐴|/ is input power

|𝐸)|/ is output power

B is the fibre coupling ratio
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Physics: Josephson Junctions (JJs)

Josephson Junctions

In 1962, Brian David Josephson predicted the
Josephson effect. He was the first to predict the 
tunneling of superconducting Cooper pairs.

Josephson junctions are natural threshold 
super-cooled (4 Kelvin), superconducting 
oscillators that oscillate up to 100 million 
times faster than neurons!

Brian David Josephson
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Physics: The Josephson Junction: Threshold Oscillator 
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Physics: The Josephson Junction: Threshold Oscillator 
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Physics: Motion of Planetary Bodies: Program_14d.py 
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Physics: Motion of Planetary Bodies: Program_14d.py 
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Statistics: Linear Regression: Program_15a.py
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Statistics:
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Statistics: Markov Chains



Day 3 - COPYRIGHT STEPHEN LYNCH 2023 - PRESENT

Statistics: Markov Chains
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Statistics: The Student T-Test: Program_15d.py
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Statistics: Monte-Carlo Simulation: Roulette: Program_15e.py: End Session 4

Fig. Monte Carlo simulations: (a) The bankrolls of 100 gamblers each betting on 3700 spins, where the gambler 
wages 100 euros on each spin. In this case, the program shows that on average, the gambler would leave the casino 
with a small bankroll, or even go into debt. Each time you run the simulation you will get different answers. (b) As 
the number of simulations of 1850 spins of the roulette wheel goes large, one can clearly see that the average 
bankroll tends to 5000 euros. So, on average, the gambler would expect to lose half of the bankroll after 1850 spins. 
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Binary Oscillator Computing: Start Session 5

Binary Oscillator Computing

49

International patents.
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The Inventors: Myself and Jon Borresen

50

My co-inventor, Jon Borresen was my final year project student in 2001. 

In 2002, we had a journal paper published.  
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AI and Binary Oscillator Computing

51

Artificial Intelligence, machine learning and deep learning.

Using computers to act like the human brain.

Binary oscillator computing.

Using biological brain dynamics to create a powerful 
conventional supercomputer.

Artificial Intelligence                Brain Inspired Computing
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Outline

Neurons and the brain

Computing with threshold oscillators:

Memristor oscillators
Superconducting devices
Biological neurons
Transistor-based oscillators
All-optical oscillators

Possible applications:

Exascale (or beyond) supercomputing
An assay for neuronal degradation
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Neurons in the Mouse Brain

Slices of a mouse brain. One slice of a mouse brain.

A cube of synaptic connections. A few connections.
Mouse neurons.

Using current technology it would take 4 million years to produce a map like this for one human brain!
Research conducted by Jeff Lichtman and his group (Harvard University, USA).
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Oscillators in the Human Body

The human heart: an average 
60-80 beats per minute.

A neuron spike train: beats 
up to a thousand times faster 
than the heart.

Angiogenesis: new blood vessels form 
from pre-existing vessels. N is tumour 
size, P is quantity of growth factors, E 
is vessel density.

Circadian oscillations – wake/sleep.
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Neuron Model
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Neuron Model (Excitation and Inhibition)

Inhibitory 
Neuron

Postsynaptic 
Neuron

Excitatory 
Neuron

Postsynaptic Neuron

Excitatory Neuron

Inhibitory Neuron

Neural 
Probe
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Mathematical Modelling of Neurons

1952: The Hodgkin-Huxley Model
(Biophysically meaningful)

1961: Fitzhugh-Nagumo Models

1981: Morris-Lecar Model

1984: Hindmarsh-Rose Model

2005: Izhikevich Model
(Biophysically meaningless)
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Izhikevich Mathematical Model of the Human Brain

http://www.izhikevich.org/human_brain_simulation/Blue_Brain.htm

http://www.izhikevich.org/human_brain_simulation/Blue_Brain.htm
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The Baby Computer

In 1948, the world’s first program was run on Manchester University’s small-scale experimental machine the
“Baby”. One of the principal components used was the vacuum tube oscillator. The Manchester Museum of
Science and Industry (MOSI) built a working replica in 1998.

A vacuum tube.The Baby computer.
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Electronics: AND Gate with Transistors

Ben Eater on YouTube: AND GATE 

Two-transistor AND gate. 
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Electronics: XOR Gate with Transistors

Ben Eater on YouTube: XOR GATE 
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Electronics: Half-Adder

Transistor-Based Half-Adder
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MMU Invention: Binary Oscillator Half Adder

Simple design:

Two oscillators
Four input connections
One inhibitory connection
One cross connection
Two outputs
Oscillator O1 has a low threshold
Oscillator O2 has a high threshold
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Binary Oscillator Half Adder: Arithmetic Logic

Using transistors: Two transistors in the
AND gate and five in the XOR gate.

Using threshold oscillators: Four
excitatory connections and one
inhibitory connection.
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Binary Logic Circuitry

Using transistors: For standard
designs, to double processing power it
is necessary to at least double the
number of components.

Using oscillators: For this design, it is
possible to double processing power
with a linear increase in components!

Full-adder schematic. Half-adder schematic. 
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Binary Oscillator Full Adder

Full-adder schematic. Input and output of a Fitzhugh-Nagumo full-adder.
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Set Reset Flip-Flop and Memory Devices

Set Reset (SR) Flip-Flop: How Computers Store Memory



Day 3 - COPYRIGHT STEPHEN LYNCH 2023 - PRESENT

Memristors

The Memristor – the Missing Circuit Element

In 1971, Leon Chua mathematically proved the existence of the memristor. 

Fundamental circuit variable relationships.Steve Furber, Jon Borresen & Leon Chua.
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Memristors

The Memristor (First built in 2008)

Pinched hysteresis loops of a memristor. They act like
resistors with memory and form natural synaptic connections.

HP Labs titanium dioxide memristor.

Neuristors (neuron-based memristors) could also be used
to act like neurons and memristors act like synapses!
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Memristors

Action potentials in Neurons: The Memristor Fitzhugh-Nagumo Model.
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Memristors

Fang X, Duan S & Wang L (2022) Memristive FHN spiking neuron model and brain-inspired threshold logic computing, 
Neurocomputing, 517, 93-105.

Memristor-based threshold oscillator half-adder. Memristor-based threshold oscillator full-adder.

Mermristive Threshold Oscillator Logic 
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Using JJs to Model Neurons

Excitatory connection.

Inhibitory connection. P. Crotty, D. Schult and K. Segall, Josephson junction 
simulation of neurons, Phys. Rev. E 82 (1), 011914, (2010).

The loop on the left represents a neuron, the loop on 
the right is a synapse. If the bias current applied to 
the JJ neuron is positive (negative) with respect to 
ground, then the synapse is excitatory (inhibitory).
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Results from Phys. Rev. E Paper

JJ inhibitory synaptic coupling.JJ excitatory synaptic coupling. Ken Segall.

Ken Segall et al, Synchronization dynamics on the picosecond timescale in coupled Josephson 
junction neurons, Phys. Rev. E 95.032220 (2017). COLGATE UNIVERSITY, NEW YORK
Toomey E, Segall K and Berggren KK, Design of a Power Efficient Artificial Neuron using 
Superconducting Nanowires. Front. Neurosci. 13:933 (2019).  MIT, BOSTON
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Exciting New Results

Ken Segall in his lab with a student.

We have a fully working SR JJ flip-flop!

Using JJ Neurons for Memory
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If Our Invention Works …

Double Processing Power with a Linear Increase in Components 

The world’s fastest ALU chip has 
about 8000 JJs (Ref: HYPRES).

Which means that the JJ chip on the left would be more powerful than the computer on the right! 

2022: Oak Ridge National Laboratory (ORNL) Frontier system in the US 
is the first to break the exaflop ceiling. It is built using thousands of 
trillions of transistors.
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Applications in Medicine

2nd Avenue of Research: An Assay for Neuronal Degradation

Examples of neurological conditions and disorders include:

– Alzheimer’s disease
– Autism
– Parkinson’s disease
– Epilepsy
– Stroke and tetanus
– Brain damage
– Cerebral palsy
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Neurons on a Chip

Magnification: Neurons sitting on 
electrodes of an MEA connected 
with axons.

Multi-Electrode
Array (MEA)
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An Assay for Neuronal Degradation

Lynch S, Borresen J, Roach P, Kotter M and Slevin MA, Mathematical modelling of neuronal logic, memory 
and clocking circuits. International Journal of Bifurcation and Chaos, 30, 2050003, 1-16 (2020). 

Loughborough University

Collaborative work with Loughborough Interdisciplinary Science Centre

Eric Hill Paul Roach
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In the Future … No Need for Electronics: End Session 5

Biological Neuron Circuits

In the future we can control our circuits with light.

Caenorhabditis elegans has just 302 neurons. 
Genetically modified worm. Neurons can be 
switched on and off using light.

Optogenetics: biological neurons can 
be controlled (switched) with light 
and fluorescent dyes can be used to 
indicate whether or not a neuron is 
firing.
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Download all files from GitHub:

https://github.com/proflynch/CRC-Press/ 

Solutions to the Exercises in Section 2:

https://drstephenlynch.github.io/webpages/Solutions_Section_2.html

https://github.com/proflynch/CRC-Press/
https://drstephenlynch.github.io/webpages/Solutions_Section_2.html

